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1. INTRODUCTION 
Let H, (n = 0, 1, . . .) be the set of all algebraic polynomials of degree n or less. 
We define Hn,k, n=O, l,..., ~k=O,l,...,n,tobethesetofallP,~H,such 
that PAk)(x) > 0 on the interval [0, 11. ForfE C[O, 11, the degree of approxima- 
tion tof by polynomials from H,, is 
GUI = pi:: IV- PA y 
” n 
where )/ * // is the uniform norm. 
Similarly, iffck-*) exists and is increasing on [0, 11, 
&,k(f) = p 
n 
FHf li ilf- p”li 
“. 
is the degree of approximation to f by polynomials from H,, k. 
The purpose of this paper is to find some upper bounds for E,, kcf). 
0. Shisha [5] examined this problem and proved the following. 
If 1 <k<pand 
f’“‘(x) > 0, If(p)(x) 1 < A4 for 0 G x < 1, 
then for every integer n (a~), 
where C depends upon p and k. w(g, h) is the modulus of continuity of the 
function g. 
The estimates in this paper are in many cases better than Shisha’s estimate. 
t This paper is part of the author’s doctoral dissertation at Syracuse University. The 
research was completed while the author was holding a NASA traineeship under Training 
Grant Ns G(T)-78, and with partial support of Contract No. AF 49 (638)-1401 of OSR, 
U.S. Air Force. It was directed by Professor G. G. Lorentz to whom the author remains 
grateful for his many valuable suggestions. 
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2. THE MAIN THEOREMS 
The first of our theorems does not assume thatfis differentiable. 
THEOREM 1. Let f s C [0, l] have the property 
f (x2) -f (x1) > p > 0 
x2 -x1 
ifO<x, <xz<l. 
Then 
(1) 
(2) 
for n suj?iciently large. 
(w is the modulus of continuity off on [0, I].) 
Proof. Let E,cf) = E,, for brevity. Choose n sufficiently large to insure that 
3E,,/p < 1. Choose Qn E H, so that Ij f - Q,,ll = E,. We have then, using (1) 
and the definition of Qn 
Q,(xz> - Q&d >f (x2) -f (xl) - If (x1) - Qn<x,)l - If (x2) - Qn(xz>I 
z p(x2 - x,) - 2-5, > E,, > 0 if x2 - x1 a (3&)/p. (3) 
Consider the polynomial of degree at most n, 
P”(X) = & 
s 
flex, 
Qn<t> dt
where a(x) = (1 - 3E,,/p) x and p(x) =“a($? 3E,/p. We have 0 G a(x) </3(x) G 1 
if 0 G x G 1. Using (3), we see that 
[Qn<P(x>> - Qn(4xNl 
forO<x<l. 
If a(x) =G t G p(x), then, using a(x) G x G p(x), we deduce 
(4) 
If(x)-f(t)/ <6J y . 
( 1 
(5) 
Using (5) and the definition of Qn we have 
If (4 - PnWl = 3+ IS Bcx’ n U(X) [f(x) - Q&N dtl 
G 3% s 
p(x) 
If(x)-f(t)ldt+& 
s 
‘G) If(t)- Q,(t)ldt 
oL(X) n U(X) 
+E It* (6) 
This gives (2). 
MONOTONE APPROXIMATION 321 
The following is a corollary to Theorem 1. 
COROLLARY. Zf f satisfies (1) and, in addition, belongs to a Lipschitz class 
Lip,rz,O<cr< 1, then 
E,,, I(f) G C(p-” n-Or* + n-Or) 
for n suficiently large. 
This follows from the estimate 
(7) 
E,(f) G const. n-“. 
In the following two theorems we use the degree of approximation of a 
function 4 by its Bernstein polynomial B”(4) (see [2]), expressed in terms of 
the modulus of continuity of 4 or of 4’. 
THEOREM 2. Suppose that f’ E C [0, l] andf’(x) 2 p > 0 on [0, I]. Then 
if n is su$iciently large. 
Proof. Let P,-, E H,,-, be the polynomial of best approximation to f’ on 
[O,l], n= 1,2 ,.... Choose n so large that E,-,(f’) G p/2. Then 
Q,-,(x) = pn-ltx) - En-0’) > 0 on to, 11, 
and Ilf’ - Q,-dl = 2ZUf ‘). 
Define 
N4 =ftx> - j-i Qn-dt> dt. 
Then d’(x) = f ‘(x) - Qn-l(x) > 0 on [O,l], and jjq%‘]] = 2E,,-,(f’). Hence, 
4 E Lip, 1, where M = 2E,,-,(f’). Then 
by [2], p. 20. That is, (1 f - P,j\ G (5/2#‘) E”-,(f)) where 
f’,(x) = M4 4 + I:, Qd> dt. 
But &‘($s,x) > 0 on [O,l], by [2], p. 23. Hence, we have 
P,‘(x) = Qnel(x) + B,‘($, x) > 0 on [O,l]. 
This gives (8). 
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THEOREM 3. Let k > 2 be an integer, and suppose that fck) E C[O, l] and 
f’“)(x) a p > 0 on [O, I]. Then, for n sujiciently large, we haue 
En, k(f) G f En-k(f’k’>. (9) 
Proof. We first establish (9) for k = 2. We assume that f” E C[O, I] and 
f”(x) 2 p > 0 on [0, 11, and prove that for all sufficiently large n, 
Let C& be the polynomial of best approximation from H,,-, tof” on [0, 11. 
Choose n large enough to insure that Enal(f “) G p/2. 
Define Q,&) = Q,*_&) - E&f’). Then Q&X) > 0 on [0, I] and 
llf u - en-2 II = 2-%&f ‘7 
Define 
+,W =f’W - j; Qn-z(t) dt. 
Then 4,‘(x) =f”(x) - Q,-z(x) 2 0 on [O, 11, and 1/1$,‘// = 2Ene2(f”). 
Hence, +, E Lip, 1, where M = 2E,,-,(f”). Therefore, by [2], p. 21, 
where 
+(4 = j; $dt> dt =fW - RnW 
and R, is a polynomial of degree at most n with the property R,“(x) > 0. 
Hence, j/f- P,l[ G (3/2n) E&f”), where 
p,(x) = RnW + &(h 4. 
But, P,“(x) = R,“(x) + I$“(& x) 2 0 on [O, 11. Hence, we have (10). 
This shows that for n sufficiently large there is a polynomial P,,-k+2 such 
that Pi-,‘+& > 0 on [0, l] and 
If’“-*‘(x) - P,,-k+2(X)I S 3 - En-k(f(k)) 2(n - k + 2) 
It now follows by integrating k - 2 times, that \jf- Q,,]/s (2/n)E,-k(f’k’) 
(for n sufficiently large), where Q,, is some polynomial of degree at most n. 
This completes the proof. 
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3. REMARKS 
We shall compare our results with those of Shisha and with estimates 
available from the theory of Bernstein polynomials. Letfsatisfy (1) on [O,l], 
and suppose that fE Lip,cr. (0 < CL G 1). Then from [2], p. 23, we see that the 
Bernstein polynomials &(f,x) are increasing on [0, 11. Furthermore, by [2], 
p. 20, we have 
If(x) - B”(J x)1 < $Mn-a=, x E [O, I]. 
Hence, 
E,,,,(f) G $Mn-a’2. (11) 
The corollary to Theorem 1 gives 
En, ,(f><Kn-"* (12) 
for II sufficiently large. This is better than (11) if cc > l/2. 
Now suppose that f' exists and 0 < p <f’(x) G M for 0 G x G 1. Then 
f E Lip, 1 and f satisfies (1). Hence (2) gives 
(13) 
for n sufficiently large. Using Jackson’s theorem we obtain E,,, ,(f) d CMn-‘, 
while Shisha’s estimate gives only 
E,, l(f) G const. o 
Similar comments apply to functions that satisfy the conditions of Theorem 
2 or 3. 
Another source of estimates for En,k(f) are the results of Trigub ([6], p. 263) 
(see also Malozemov [.?I). As a special case, these results contain the following. 
Letf”’ be continuous on [-l,+l]. Then there exists a sequence Q,,(x), n > r, 
of polynomials of degree n or less, such that for 0 f s G r 
If’“‘(x) - Q;‘(x)/ < Crns-‘w (14) 
where C, is a constant depending only upon Y. It follows from this that if 
f’“)(x) > 0 on [-l,+l], k G I, then 
E,, Jf)< C,n-‘w 
for n sufficiently large. Here E,,,cf) is, of course, defined for [-1,$-l] in the 
same way as for [0, 11. 
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